Using the Møller energy-momentum definition in General Relativity (GR), we evaluate the energy-momentum distribution of the phantom black hole space-time. The phantom black hole model was applied to the supermassive black hole at the Galactic Centre. The energy distribution depends on the mass M of the black hole, the phantom constant p and the radial coordinate r.
I. INTRODUCTION
The energy-momentum localization is one of the most important subjects which remained unsolved in General Relativity (GR). Einstein was the first who calculated the energymomentum complex in a general relativistic system [1] . The conservation law for the energymomentum tensor i.e. matter with non-gravitational fields for a physical system in GR is given by
where T i j is the symmetric energy-momentum tensor including the matter and nongravitational fields. The energy-momentum complex τ i j satisfies a conservation law in the form of a divergence given by
with
where g = det g ij and t i j is the energy-momentum pseudotensor of the gravitational field. The energy-momentum complex can be written as
where θ ik j are known as superpotentials which are functions of the metric tensor and its first derivatives. From the above discussion it is clear that the energy-momentum complex is not uniquely defined. This is only due to that one can add a quantity with an identically vanishing divergence to the expression τ i j . Many famous physicists like Tolman [2] , Landau and Lifshitz [3] , Papapetrou [4] , Bergmann [5] and Weinberg [6] have given different definitions for the energy-momentum complexes. These expressions were restricted to calculate the energy distribution in quasi-Cartesian coordinates. Møller [7] introduced a new expression for the energy-momentum complex which is consistent and enables one to perform the calculations in any coordinate system. The Møller energy-momentum complex is significant for describing the energy-momentum in GR. In this regard, there is a plethora of results [8, 9] which recommend the Møller energy-momentum complex as an efficient tool for the energymomentum localization. In the context of the energy-momentum localization, it is very important to point out the agreement between the Einstein, Landau-Lifshitz, Papapetrou, Bergmann-Thomson, Weinberg and Møller definitions and the quasi-local mass definition introduced by Penrose [10] and developed by Tod [11] for some gravitating systems.
In the early 90's, Virabhadra revived the issue of energy-momentum localization by using different energy-momentum complexes in his pioneering works [12] . Rosen [13] employing the Einstein prescription found that the total energy of the Friedman-Robertson-Walker (FRW) space-time is zero. Johri et al. [14] calculated the total energy of the FRW universe in the Landau-Lifshitz prescription and found that is zero at all times. The Einstein energy density for the Bianchi type-I space-time is also zero everywhere [15] . Cooperstock and Israelit [16] evaluated the energy distribution for a closed universe and found the zero value for a closed homogeneous isotropic FRW universe in GR. Further, to find an answer to the energy-momentum localization problem several scientists [17] [18] [19] have used various energymomentum complexes to evaluate the energy distribution for different space-times.
Moreover, recently the calculations performed for the (3 + 1), (2 + 1) and (1 + 1) dimensional space-times have yielded physically reasonable results [20] . We notice that several pseudotensorial prescriptions give the same results for any metric of the Kerr-Schild class [21] . Further, there is a similarity of some results with those obtained by using the teleparallel gravity [22] . Working with the tetrad implies to encounter the notion of torsion, which can be used to describe GR entirely with respect to torsion instead of curvature derived from the metric only. This is called the teleparallel gravity equivalent to GR.
In this paper we used the Møller prescription to calculate the energy distribution for a metric that describes a phantom black hole. There are two basic reasons to apply the Møller energy momentum complex. The first one is that it provides a powerful concept of energy and momentum in GR and the second reason is related to the fact that it is not restricted to quasi-Cartesian coordinates. The structure of the present paper is: in Section 2 we describe the phantom black hole [23] which is under study. Section 3 is focused on the presentation of the Møller energy-momentum complex and the results for the energy distribution and momenta of the phantom black hole. In the Conclusions we make a brief description of the obtained results. In the paper, Greek (Latin) indices run from 0 to 3 (1 to 3) and we use geometrized units, i.e. c = G = 1.
A phantom black hole represents an exact solution of black holes in a phantom field. The Bronnikov-Fabris phantom black hole metric [24] , later expressed by Ding et al. [23] is given by
where M is the mass parameter and p is a positive constant known as the phantom constant [23] (here, p is the phantom.) For the value M = 0, [23] the metric describes the Ellis wormhole.
The expression of the determinant of the metric we will be involved in the calculations performed in the following
The non-vanishing covariant components of the metric (5) are g 00 = f (r),
, and g 33 = −(r 2 + p 2 ) sin 2 θ. The corresponding contravariant components of the metric tensor are given by
,
III. MØLLER ENERGY-MOMENTUM COMPLEX IN GR AND THE ENERGY DISTRIBUTION OF THE PHANTOM BLACK HOLE
The energy-momentum complex of Møller [7] is given by
where the anti-symmetric superpotential χ kl i is
It is well known that Møller's energy-momentum complex like other energy-momentum complexes satisfies the local conservation equation
where 0 0 is the energy density and 0 j are the momentum density components. The energy and momentum in the Møller prescription are given by
The energy of the physical system has the following expression
Further, using Gauss's theorem, the energy E can be written as
where µ β is the outward unit normal vector over an infinitesimal surface dS.
For the line element (5) under consideration the only non-zero superpotential is given by
Using the above expression and (14) we obtain the energy distribution of the phantom black hole
Further, with (5) and (12) we found that all the momenta vanish
We have plotted Fig. 1 and Fig. 2 to study the behaviour of the energy distribution E(r) when increasing the radial distance and the phantom constant. In both figures we have fixed the mass parameter M . From both figures one can observe that if r → 0, E(r) → 0 and when r → ∞, E(r) → ∞. 
IV. CONCLUSIONS
The energy-momentum complexes can provide the same energy-momentum distribution for many gravitating systems. However, for some space-times the results yielded by these prescriptions differ each other [25, 26] . Hence, the debate on the localization of energy is one of the most actual and interesting problem in GR. The study of the energy-momentum distribution can give a clear idea about the space-time. One can study the gravitational lensing of the spacetime analyzing the energy. Virbhadra [27] derived interesting lensing phenomena using the analysis of the energy distribution in curved space-time.
We calculated the energy distribution of the phantom black hole using the Møller energymomentum complex. The energy distribution depends on the mass M of the black hole, the phantom constant p and the radial coordinate r. From the calculations it results that all the momenta are zero. A limiting case that is of special interest is the behavior of the energy near the origin, that is for r → 0. In the case of Møller energy-momentum complex we found that for r → 0 the energy tends to zero (see Fig. 3 and Fig. 4) . Also, the result obtained in this work exhibits that there is no finite value for the energy for r → ∞.
One can compare this result with our previous result [28] obtained with the Einstein energy momentum complex for the same metric. In our previous paper the energy distribution is positive and becomes constant for increasing the radial distance. In the present work, for increasing the radial distance the energy distribution becomes infinite for larger values of r.
The positive energy region serves as a convergent lens [29] .
As stated by the results obtained in this work and in our previous work [28] we can conclude that the Einstein and Møller prescriptions are useful tools for the localization of energy. An interesting future work lies in the calculation of the energy with the aid of other energy-momentum complexes and the teleparallel equivalent to GR. 
